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A CONJECTURE ABOUT MULTIPLE t-VALUES
BISWAJYOTI SAHA
Abstract. For positive integers a1, . . . , ar with a1 ≥ 2, the multiple t-value t(a1, . . . , ar)
is defined by the series
∑
n1>...>nr>0
ni odd
n
−a1
1
· · ·n−ar
r
. For an integer k ≥ 2, the dimension of
the Q-vector space generated by all the multiple t-values of weight k has been predicted by
Hoffman [6] to be the k-th Fibonacci number. In this short note we give a conjectural basis
of this vector space.
Let r ≥ 1 be an integer and
Ur := {(s1, . . . , sr) ∈ C
r : ℜ(s1 + · · ·+ si) > i for 1 ≤ i ≤ r}.
Following [6], we define the multiple t-function of depth r by the infinite series
t(s1, . . . , sr) :=
∑
n1>...>nr>0
ni odd
n−s11 · · ·n
−sr
r
for (s1, . . . , sr) ∈ Ur. We further have the equality
t(s1, . . . , sr) = 2
−(s1+···+sr)ζ(s1, . . . , sr;−
1
2
, . . . ,−
1
2
)
where ζ(s1, . . . , sr;−
1
2
, . . . ,−1
2
) is the multiple Hurwitz zeta function
∑
n1>...>nr>0
(n1 − 1/2)
−s1 · · · (nr − 1/2)
−sr
defined on Ur. The meromorphic continuation of the multiple Hurwitz zeta functions is well
known (see [1]). The exact set of polar hyperplanes of the multiple Hurwitz zeta functions
is given in [4]. Thus we get that the multiple t-function t(s1, . . . , sr) has a meromorphic
extension to Cr with polar singularities along the hyperplanes
H1,0, H2,1, H2,2k and Hi,k for all k ≥ 0, 3 ≤ i ≤ r,
where for i ≥ 1 and k ≥ 0, Hi,k denotes the hyperplane defined by s1 + · · ·+ si = i− k.
The special values t(a1, . . . , ar) for integers ai ≥ 1 and a1 ≥ 2 are the central object of
study in [6]. Hoffman [6] studied these numbers in the spirit of the multiple zeta values
ζ(a1, . . . , ar) :=
∑
n1>...>nr>0
n−a11 · · ·n
−ar
r . Hoffman noted various striking similarities of
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these numbers with the multiple zeta values. He also pointed out some major differences.
The sum a1 + · · ·+ ar is called the weight of the values ζ(a1, . . . , ar) and t(a1, . . . , ar).
Let k ≥ 2 be an integer. Zagier considered the Q-vector space generated by all the
multiple zeta values of weight k, which we denote by Zk, i.e.
Zk := Q〈ζ(a1, . . . , ar) : a1 + · · ·+ ar = k〉.
Zagier [8] predicted that dimQZk satisfies the recurrence relation
dk = dk−2 + dk−3
for k ≥ 5 with the initial values d2 = d3 = d4 = 1. Deligne-Goncharov [3] and Terasoma [7]
independently proved that dimQZk ≤ dk.
In [6], Hoffman considered the analogous Q vector space generated by all the multiple
t-values of weight k, which we denote by Tk, i.e.
Tk := Q〈t(a1, . . . , ar) : a1 + · · ·+ ar = k〉.
Finding various relations among multiple t-values of weight up to 7, he conjectured that
dimQ Tk satisfies the recurrence relation
fk = fk−1 + fk−2
for k ≥ 4 with the initial values f2 = 1, f3 = 2. Note that this is the recurrence relation of
the Fibonacci numbers Fk.
Further, for Zk, Hoffman [5] conjectured that the set
Bk := {ζ(a1, . . . , ar) : a1 + · · ·+ ar = k, ai ∈ {2, 3} and 1 ≤ r ≤ k − 1}
forms a Q-basis. It is consistent with the above conjecture of Zagier i.e. |Bk| ≤ dk. Brown
[2] proved that Bk is in fact a generating set.
In this short note, we give a conjectural basis for Tk for k ≥ 2. Let
Ck := {t(a1 + 1, a2, . . . , ar) : a1 + · · ·+ ar = k − 1, ai ∈ {1, 2} and 1 ≤ r ≤ k − 1},
for any k ≥ 2. For example,
C3 = {t(2, 1), t(3)}, C4 = {t(2, 1, 1), t(2, 2), t(3, 1)} and
C5 = {t(2, 1, 1, 1), t(2, 1, 2), t(2, 2, 1), t(3, 1, 1), t(3, 2)}.
It is not difficult to see that the cardinality of the set
{(a1, . . . , ar) : a1 + · · ·+ ar = k − 1, ai ∈ {1, 2} and 1 ≤ r ≤ k − 1}
is the k-th Fibonacci number Fk. We now conjecture the following.
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Conjecture. The following set of weight k multiple t-values
{t(a1 + 1, a2, . . . , ar) : a1 + · · ·+ ar = k − 1, ai ∈ {1, 2} and 1 ≤ r ≤ k − 1}
forms a Q-basis of Tk for k ≥ 2.
This conjecture is in accordance with various relations among multiple t-values of weight
up to 7 found by Hoffman [6, Appendix], i.e. for any weight 2 ≤ k ≤ 7, it follows from [6,
Appendix] that Ck generates Tk. As an example, we give explicit calculations for weight 5.
Note that C5 = {t(2, 1, 1, 1), t(2, 1, 2), t(2, 2, 1), t(3, 1, 1), t(3, 2)}. We need the following
four explicit relations from [6, Appendix]:
t(3, 2) = −
1
2
t(5) +
3
7
t(2)t(3), t(2, 1, 2) =
3
4
t(5)−
1
2
t(2)t(3),(1)
and
t(4, 1) = −
1
2
t(5)−
1
7
t(2)t(3) + t(4) log 2, t(2, 2, 1) =
1
8
t(5)−
3
14
t(2)t(3) +
1
4
t(4) log 2.(2)
From (1) (and the fact that t(2)t(3) = t(2, 3) + t(3, 2) + t(5)), one can write t(3, 2) and
t(2, 1, 2) as Q-linear combination of t(5) and t(2, 3) as follows:
t(3, 2) = −
1
8
t(5) +
3
4
t(2, 3), t(2, 1, 2) =
5
16
t(5)−
7
8
t(2, 3).
This system of equations is invertible. Therefore t(5) and t(2, 3) can be written as Q-
linear combination of t(3, 2) and t(2, 1, 2). Now from (2), one can write t(4, 1) as a Q-linear
combination of t(3, 2), t(2, 2, 1) and t(2, 1, 2).
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